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The tensorial conservation law in general relativity

Min-Guang Zhao
Department of Physics, Sichuan Teachers’ College, Chengdu 610066, PR China

Received 22 November 1982, in final form 29 June 1983

Abstract. A general tensorial conservation law is formulated by starting from the invari-
ance of the gravitational Lagrangian density by Rosen. Utilising this new formula, the
author derives some reasonable results for the mass-energy distribution which are in
accordance with the Newtonian formulae.

1. Formulation of the problem

The formulation of the energy-momentum conservation law proposed by Einstein
(1916a, b) for the gravitational theory leads to results for the total energy of the
closed system which are physically unacceptable, unless quasi-Galilean systems are
employed. The coordinate-dependent consequence of this conservation law led to
some early controversy in the literature. Nevertheless the energy-momentum law
originally formulated by Einstein was generally accepted.

The purpose of this paper is to propose another expression of the conservation
law by starting from the invariance of the gravitational Lagrangian density by Rosen
(1940, 1963), which is invariant with respect to the arbitrary space~time transforma-
tions. We shall investigate some particular applications of this new scheme in §§ 3, 4.

2. The derivation of the general tensorial conservation

Following Rosen (1940, 1963), the Lagrangian density of the gravitational field is of
the form

P=(-g/16m)g" (AL,AZ,— A%, AL) (2.1)
with
A% =Tk T4, (2.2)

where I',, denotes Christoffel symbols of the actual Riemann space-time, and T},
denotes Christoffel symbols of the background space-time.
Since the Lagrangian density is a scalar density, we have
8P +(8/ax" )& ef)=0 (2.3)
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under the infinitestimal transformations of

X =x"tewétn, =1,2,3,...,N,
S/gpv =gva ma 7 (2.4)
P =y —va + — o

6'g" =g PRC P
By using the general formula in Moller (1959), from (2.3)~(2.4), we have

Oué6) + UL (8/0x")EG =0 (2.5)
with

0.=6/x")UY (2.5a)
and

U =l[(6i”/ag““’ T~ (0F)9gh g 1= -U",
U =3[0F/9g47)g" — (0£/0g")g* 1= -U*, (2.58)
Ur=0r+0%.

Since (3/ax°)(3/ax")(€“U*)=0 (see Belinfante 1955, Belinfante and Carrison
1962), we obtain from (2.5)-(2.6)

9.0, = 71—; jﬂ——gérm f*g a)‘j o EmU)= (n=1,2,3,....N)
(2.6)
(the differential conservation law) with
Oh, =, [1-(1/V=-pet, U], 2.7)
U2 = (N=g/16m)g. VT, (2.8)
and
grovBh g~p8g~Av _g~pAg~Bv’
g =(g/g) g™, Zuv =1(2/8)" gy (2.9)
g =det(g,..), g =det(g,..),

where ¥, and V, denote the convariant derivatives based on Christoffel symbols of
8., and g,,,, respectively.

By applying the Gauss-Stokes theorem to a region ¢ on a hypersurface X, from
(2.6)-(2.7), we get

d Ay w oy
Hew) = | €07 do, = iaw: ds,, (2.10)

(the integral conservation law). This expression is invariant with respect to arbitrary
space-time transformations.
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3. ‘Translation-rotation’ group in the generalised harmonic frame of reference

In order to derive the actual conservation laws of the four-momentum and the
four-angular momentum from the general expressions (2.6)-(2.9), let us consider the
‘translation-rotation’ group.
Theorem. The infinitesimal ‘translation-rotation’ group is uniquely defined by
gﬁl)=g“AC(nJA5 n=12,3,...,10,
Einin =8;:.A§f\n) =gM§“’pr, (3.1
qu(n)A +VAC(,,,“ = 0,
in the generalised har_moxlig frames of references, in which the Rosen-Fock conditions
(Rosen 1940, 1963) V,V—g g** = 0 are satisfied.
Proof. Let (x,y,z,t)and ('x, 'y, 'z, 't) denote harmonically rectangular coordinates and
" =x* + e, €0, then we have (Belinfante 1955, Belinfante and Carrison 1982)

EmElny =CH+wix* =2*"C,+ n""wx*,

C, = constant, W,. = —w,, = constant, (3.2)
=1 0 0 0
A _ 0 -1 0 0
K 0 0 -1 0f
0 0 0 1
i.e.
6 =1""Clnp
(n) (n) . (33)
0C i/ 0x " +3C/0x" =0, n=1,2,3,...,10.
From the covariant condition, we find from (3.3)
frm =§wcmm
_ _ (3.4)
VH-C(")I\+V'\C(")IJ-:0’ n =1a 25 3,'- ‘s 10~

From the theorem above, the conservation laws of four-moentum and four-angular
momentum are of the forms

ﬁuGKn) = 0,
Oh, =V, ((1/V=-g)¢4, U2, (3.5)
I("J = (1677)_1 § \/jg: é‘f’;ﬂg“AeBg"m’BA dSup’
S
with
£ = 8" Ciann, n=1,2,3,...,10,

Euimy =gu)\§()\n), (3.6)
vuctn))\ +VAC(n)p. =0.
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4. The energy of the spherical bodies

In the harmonically spherical coordinate frame, we have

(—(r+m)/(r—m) 0 0 0
0 —(r+m)? 0 0
- 41
Bur 0 0 —(r+m)*sin’ 8 0 @.1)
0 0 0 (r—=m)/(r+m) |
and the corresponding flat metric is
-1 0 0 0
0 -r’ 0 0
= 4.2
8+~ 0 0 —r’sin6 0 4.2)
0 0 0 1)
Inserting (4.1)-(4.2) into the flat Killing equation (3.1), we get
Cw,.=(0,0,0,1)
O N (‘time-translation’) (4.3)
fﬁ)) = g_“ C(O)A = (O, Ov 0! 1)
and inserting (4.3) into (3.5) and (2.8), we obtain
O, =V, (1/N=2)ét, U2) =¥, (1LN-8)T¢)
=(1/V=g)6/ax*) U (four-flux of the energy), (4.4)
E, =§ £, U8 dS.,
=§ Ut de dé (energy contained in a sphere). 4.5)
rnt=c
Furthermore, inserting (4.1)-(4.2) into (2.8), we get
US' = @m) (m—m?/2r)sin 6, (4.6)
Uy =0 (p#1), Us =0 k=1,2,3). (4.7)
Thus, from (4.4)-(4.7), we have
%, (energy density) = m?/8mr* >0, 4.8)
¢ (flux of energy) = 0, '
E =m- m2/2r,
E,=limE,=m/2, (4.9)

E (total energy) = lirg E, =m.

From (4.9) we see that:
(a) The energy density is positive definite.

(b) The gravitational ‘self-energy’ is E; = —m?/2r which is in accordance with the
‘Newtonian formula’.
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(c) The energy-mass relation obtained is in accordance with the empirical formula
(cf table 1).

Table 1. The comparison of the present scheme with others.

Energy computed from the harmonically

Author spherical coordinates frame

Einstein (1916a, b) E.=m-rE,=0,E;=~-r,E=-©

Landau and Lifshitz (1951)  E,=-jm(r+m)* E, = ~27am>, E =~

Infeld (1960) E, =((r+m)/(r-m)*(m—3r), E, =0, E = -

Moller (1959) E, =E,=E=m,E,=0

Cornish (1965) E, =(m—-m?/2n)[(r+m)/(r—m))(1+m/r)? E, =,
E=m

Author of this paper E.=m-m?/2r, E, =im,E;=-m?/2r,E=m

Empirical formula E, #00, E;#0, 0, E m
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